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Abstract 
Delamination is a predominant failure mode in continuous fiber rein- 
forced laminated composite structures. One type of delamination is the 
transverse crack tip delamination which originates at the tip of transverse 
matrix cracks. An analytical model based on the subiaminate approach and 
fracture mechanics is developed in this paper to study the growth of such 
delaminations. Plane strain conditions are assumed and estimates are 
provided for the total strain energy release rate as well as the mode 1 and 
.. . .  mode I1 contributions. The energy release rate estimates are used to 
predict critical delamination growth strains and stresses by assuming a 
critical energy release rate. These predictions are compared with experi- 
mental data on T300/934 Graphite Epoxy [Q5/90n]s laminates in tne range 
n=.5 to 8. A good agreement is demonstrated for the range of n where the 
experimental observations indicate transverse crack tip delamination t o  be 
the predominant failure mode. 
Introduction 
Fiber reinforced composites are now being used in a wide variety of 
engineering structures. The concept of directional strength and stiffness 
has been, for the most part, understood sufficiently to enable efficient 
load bearing designs. One of the current major issues in composite struc- 
tures is the understanding and prediction of damage modes and failure 
mechanisms. A thorough knowledge o f  tne failure mechanisms is Douna to 
lead to the design of efficient and durable structures. Failures in these 
materials often initiate in the form o f  matrix cracks or delaminations 
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Matrix cracks refer to intralaminar failures whereas delaminations refer to 
interlaminar failures. 
Matrix cracks usually occur within laminates where the fibers run at 
an angle to the primary load direction. Hence, such matrix cracks are also 
called transverse cracks. Based on the location and direction of growth, 
two distinct types o f  delamination can be discerned. These two types are 
call ed edge del ami nation and 1 oca1 or transverse crack tip del ami nation. 
Edge delaminations initiate at the load free edges of the structure whereas 
local delaminations start from a transverse matrix crack. In many cases, 
both types occur concurrently with varying levels of interaction. It has 
been observed in simple tension tests of uniform rectangular cross section 
specimen (Edge Delamination test) that delaminations initiate along the 
load free edges and propagate normal to the load direction. Transverse 
matrix cracks running parallel to the fibers have also been observed in off 
axis plies such as 90" plies. Such transverse cracks terminate where the 
ply orientation changes. Delaminations can originate at the interface 
where transverse cracks terminate. These delaminations, called transverse 
crack delaminations or 'local delaminations, grow normal to the transverse 
crack from which they originate. In the case of 90" plies, the growth 
direction is parallel to the load. 
The growth process of edge delaminations and local delaminations is 
often modelled using a fracture mechanics approach leading to the calcula- 
tion of a strain energy release rate. This is because the strain energy 
release rate can correlate delamination behavior from different loading 
conditions and can account for geometric dependencies. The strain energy 
release rate associated with a particular growth configuration i s  a measure 
of the driving force behind that failure mode. i n  combination with 
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appropriate failure criteria, the strain energy release rate provides a 
means o f  predicting the failure loads of the structure. 
Several methods are available in the literature for analyzing edge 
delaminations. These include finite element m~dellingl-~, complex variable 
4 stress potential approach , simple classical laminate theory based tech- 
ni que5 and higher order 1 aminate theory i ncl udi ng shear deformati ons . 
Finite element models provide accurate solutions but involve intensive 
computational effort. Classical laminate theory (CLT) based techniques 
provide simple closed form solutions and are thus well suited for prelimi- 
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nary design evaiuation. Classical laminate theory based techniques provide 
only the total energy release rate, and thus in a mixed mode situation, 
there is insufficient information to completely assess the delamination 
growth tendency. A higher order 1 aminate theory including shear deforma- 
tions has the ability to provide the individual contributions o f  the three 
fracture modes while retaining the simplicity of a closed form solution. A 
shear deformation model is available for edge delamination ana has been 
shown to agree well with finite element predictions . 6 
Crossman and Wang7 have tested T300/934 Graphite epoxy [+25/9OnIS 
specimens in simple tension and reported a range o f  behavior including 
8 transverse cracking, edge delamination and local delamination. O'Brien 
has presented classical 1 aminate theory sol utions for these specimen , 
demonstrating reasonable agreement in the case o f  edge delamination b u t  
with some discrepancies in the 1 oca1 del ami nation predi cti ons. An empi r i - 
cal finite element based combined edge ana local delamination formulation 
has also been proposed . Its predictions, however, do not f u H y  explain 
the dependency of the critical strain on the number o f  90" plies. 
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In this paper, a shear deformation model is developed for the analysis 
o f  local delaminations originating f rom transverse cracks in 90" plies 
l o c a t e d  i n  and around the  specimen midplane. Plane s t r a i n  c o n d i t i o n s  a re  
assumed and th ickness s t r a i n  i s  neglected. Delaminat ions a re  assumed t o  
grow f rom b o t h  ends o f  the t ransverse crack t i p .  The t ransve rse  crack i s  
t r e a t e d  as a f ree boundary and the delaminat ion i s  considered t o  be the  
c rack  whose growth behavior i s  t o  be modelled. The sublaminate ap- 
proach lo , l l  is used t o  model d i f f e r e n t  reg ions o f  t h e  specimen. The 
r e s u l t i n g  boundary value problem i s  so lved t o  o b t a i n  t h e  i n t e r l a m i n a r  
s t resses ,  t o t a l  s t r a i n  energy re lease r a t e  and energy re lease  r a t e  compo- 
nents.  C r i t i c a l  l o c a l  delaminat ion growth loads a r e  p r e d i c t e d  f o r  the 
[k25/90n]s specimen. 
A n a l y t i c a l  Model 
The f o r m u l a t i o n  i s  based on the sublaminate approach d e t a i l e d  i n  r e f .  
10. A l o n g i t u d i n a l  sec t i on  i l l u s t r a t i n g  the geometry o f  a gener ic  con f igu -  
r a t i o n  i s  shown i n  f i g .  1. The c e n t r a i  reg ion  i s  assumed t o  be made o f  90" 
p l i e s  w i t h  an i s o l a t e d  transverse crack i n  t h e  middle.  Oelaminat ions are 
assumed t o  grow f r o m  both ends o f  t h e  t ransverse crack,  and towards both 
ends as shown. From symmetry considerat ions,  o n l y  one q u a r t e r  o f  the 
c o n f i g u r a t i o n  i s  modelled. The modelled p o r t i o n  i s  d i v i d e d  i n t o  f o u r  
sublaminates as shown i n  f i g .  2 .  The top  sur face (sublaminates 1 ana 4 )  i s  
s t r e s s  f r e e .  I n  order t o  s i m p l i f y  t h e  analys is ,  p lane s t r a i n  c o n d i t i o n s  
a r e  assumed and the thickness s t r a i n  ( E ~ )  i s  s e t  t o  zero.  The consequence 
o f  t h i s  combined w i t h  the f a c t  t h a t  t he  w displacement i s  zero a long the 
cen te r  l i n e  i s  t h a t  w i s  zero i n  sublaminates 1,2 and 3. Fu r the r ,  t h i s  
approx imat ion does no t  a l l o w  f o r  the enforcement of boundary c o n d i t i o n s  on 
t h e  shear s t r e s s  r e s u l t a n t s ,  leading t o  i n c o r r e c t  est imates o f  the i n t e r -  
laminar  normal stresses. The i n t e r l a m i n a r  shear s t resses ,  however, a r e  no t  
a f f e c t e d  by t h i s  assumption6'''. The assumptions l ead  t o  cons iderable 
s i m p l i f i c a t i o n s  i n  the analys is .  I n  s p i t e  o f  the s i m p l i f i c a t i o n s ,  r e l i a b l e  
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energy release rate components can be estimated based on the interlaminar 
shear stress distributions . 6,lO 
A generic sublaminate is shown in fig. 3 along with the notations and 
sign conventions. The peel and interlaminar shear stresses are denoted by 
P and T respectively with t and b subscripts for the top and bottom surface 
respectively. The axial stress resultant, shear stress resultant and 
bending moment resultant are denoted by N, Q and M respectively. A summary 
of the governing equations is presented here for convenience. These are 
derived for a generic sublaminate using the principle of virtual work in 
Reference 12. 
The x and z displacements within the sublaminate are assumed to be of 
the form 
u( x,z)=U( x)+zg(z) (1) 
w(x,z)=W(x). ( 2 )  
Here U represents the axial midplane stretching and W is the transverse 
displacement. The shear deformation is recognized through the rotation fi. 
The origin of the coordinate axes for the sublaminates is taken at the 
delamination tip as shown in fig. 4. The equilibrium equations take the 
form 
Q 9 x+Pt-Pb=O ( 4 )  
M ,x -Q+(h/2)(Tt+T,J=0. ( 5 )  
where h is the thickness of the sublaminate. The constitutive relations i n  
terms o f  the force and moment resultants are 
N=Allu, x+B1lB, x 
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where t h e  Ai j ,  Bi 
p l i n g  and bending s t i f f n e s s e s .  
and Di are the c l a s s i c a l  laminate theory a x i a l ,  cou- 
The boundary v a r i a b l e s  t o  be p resc r ibed  a t  
t h e  sublaminate edges are 
N o r  U 
M o r  p 
Q o r  W .  
A d d i t i o n a l l y ,  a t  t he  i n t e r f a c e s  between sublaminates, r e c i p r o c a l  t r a c t i o n  
and displacement matching boundary cond i t i ons  have t o  s p e c i f i e d .  
So lu t i on  Procedure 
A d e t a i l e d  s o l u t i o n  i s  provided i n  the  Appendix. A b r i e f  summary i s  
p rov ided  here f o r  convenience. The v a r i a b l e s  i n  sublaminates i and 2 a re  
coupled by t h e i r  r e c i p r o c a l  i n t e r l a m i n a r  s t resses denoted TI ana P1 and by 
displacement c o n t i n u i t y  a t  t h e i r  common i n t e r f a c e .  Assuming exponent ia l  
s o l u t i o n s  f o r  t he  a x i a l  f o r c e  and bending moment r e s u l t a n t s  (N1=AeSX, 
M1=BeSX e tc . )  leads t o  an eigen va lue problem i n v o l v i n g  the  parameter s. 
The eigen va lues t u r n  o u t  t o  be 0 and two nonzero values (say s1 and s2) 
o c c u r r i n g  i n  p o s i t i v e  and negat ive p a i r s .  Since t h e  r e s u l t a n t s  ma in ta in  
f i n i t e  values as x tends t o  l a r g e  negat ive values ( l e f t  end o f  sublaminates 
1 and 2 ) ,  t he  negat ive r o o t s  are dropped ou t  o f  t h e  so ' lu t ion.  
The f o l l o w i n g  boundary cond i t i ons  f r o m  the  ends o f  t he  model led r e g i o n  
a r e  enforced. 
N2(0)=0 (9) 
Q4( a i =o (10 )  
84 ( a  )=O (11) 
N1+N2=Applied Load ( 1 2 )  
Fu r the r .  the f o l l o w i n g  displacement matching c o n d i t i o n s  are a p p l i e d .  
I L L  L 
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It shou d be noted that a @ and p3 matching cond tion cannot be applied at 2 
this level of modeling since it would amount to specifying both W and 
Q6,12. Consequently, there is a displacement discontinuity at the de- 
lamination tip. The effect of this will be discussed subsequently. To 
eliminate rigid body displacements, U1 i s  set to zero at the left end. The 
following solutions can then be obtained for the resultants in sublaminates 
1 and 2. 
(17) 
(18) 
s x  s x  
11(1) N1=ale 1 +a2e 2 +EA 
N2=-aleslx-a2e 2 +EA s x  11(2) 
Ml=alkles1x+aZk2es2x (19) 
The interlaminar shear and peel stresses between sublaminates 1 and 2 can 
be obtained as 
T =a s es1x+a2s2es2x 1 1 1  
Pl=(kl+.5hl)(als1 2 s x  e 1 )+(k2+.5hl)(a2s2 2 s x  e 2 1
In the above solutions, the k parameters are dependent on the eigen values 
and the stiffness of sublaminates 1 and 2, the a parameters depend on the k 
parameters and the initial crack length a, and E is defined as 
where u is the applied uniform axial stress. Complete expressions for the 
eigen values and the a and k parameters can be found in the Appendix. 
Proceeding on to sublaminates 3 and 4, the following solutions can be 
wr i tten. 
where 
N3=0 
M =$ sinh w x+$ cosh 03x 
4 =a k +a k 
3 1  3 2  
2 1 3  2 4 ’  
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$ I ~ = - $ I ~  coth w3 a 
and )O. 5 "3=(A55 ( 2 ) "11 ( 2  ) 
M4=alkl+a2k2 ( 3 0 )  
The corresponding displacement solutions are provided in the Appendix. 
The compliance of the specimen can be evaluated as 
C=2U4(a)/P (31) 
where P/2 is the load applied to the modelled section. The total energy 
release rate for the modelled section i.e. the total energy release rate GT 
per crack is then given by 
GT=P2/Z w (dC/da) (32) 
where w is the specimen width. Use of the previously described solutions 
leads to the followinn expression. 
where the quantities il and I2 contain exponential terms dependent on the 
initial delamination length. Using the virtual crack closure technique, 
from the relative di,splacements in the cracked portion ana the interlaminar 
stresses ahead o f  the crack tip, the mode I and mode I1 energy release rate 
contributions can be obtained. The mode I11 energy release rate is zero 
from the assumption of plane strain. The mode I1 energy release rate is 
given by 
r 6  
where 6 is the virtual crack step size. The result of the limiting process 
i s  zero if there i s  no singularity in the stress field'. So, the limit is 
usually taken as the crack step size 6 tends to a small value, say A ,  based 
on the decay length or the iength required to capture the essential fea- 
tures of the stress and displacement fields near the crack tip. The decay 
length is dependent on the eigen values s1 and s2. 
value of A has been set to 
In this study, the 
A0=.25(l/sl + l / s p )  (35) 
since it reasonably fulfills the criterion given above. In a simiiar 
fashion, the mode I energy release rate can be obtained based on the normal 
stress ( P )  and the w displacements near the crack front. The normal (peel) 
stress estimate is inaccurate due to the absence o f  thickness strain. 
Hence, an alternate approach was used to estimate GI, the mode I energy 
release rate. The total energy release rate for this problem is made up 
entirely of G and GII (GIII=O). From an estimate of GT and GII, an 
estimate for GI can be obtained simply as 
I 
G =G -G (36) I T I 1  
The critical load for a given specimen. can then be evaluated based on an 
appropriate fracture law. This is illustrated in the following section. 
Resu'l ts and Di scussi on 
The solutions derived in the previ.ous section have been used to modei 
the behavior of [+25/9OnIs T300/934 Graphite Epoxy specimen for n values of  
.5,1,2,3,4,6,and 8. These correspond to the specimen tested by Crossman 
7 and Wang . The specimen width and length were fixed at .0381 m and .015m 
respectively, as in the tests. The solutions were generated using a simple 
computer program based on the closed form expressions for the interlaminar 
stress and energy reiease rates. The applied load was set to 100 MPa, of 
the same order as in the tests. 
An example of the total energy release rate variation with the crack 
length is presented in fig. 5. The asymptotic value of GT is denoted by 
GTO in the figure. It can be observed that after a certain crack length. 
the GT is independent of the crack length. On the basis of curves like ths 
one shown in fig. 5, the crack length was fixed at 10 p l y  thicknesses fol- 
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the remainder of the study. The dependence of the mode I1 contribution of 
the energy release rate on initial crack length (a) i s  depicted in fig. 6. 
Typical interlaminar shear and normal stress profiles are presented in 
figs. 7 and 8 respectively. The corresponding energy release rates have 
also been calculated and are presented in Table 1 and fig. 9. 
In order to evaluate the critical loads, an appropriate mixed mode 
fracture law has to be applied, based on the calculated energy release 
components. Since the calculated mode split shows only a small variation 
with n, the simple Griffith criterion GT=GTc has been used to scale the 
stresses to obtain the critical delamination growth stress (ac) and strain 
2 
( E ~ )  values. 
to obtain the critical stresses and strains listed in Table 1. This value 
of GTc is larger than GIc to account for the presence of mode I1 and the 
fact that GIIc is about four times GIc for the material system under 
consideration. The critical strains are piotted against n, the number o f  
90" plies in fig. 10. The experimental results o f  ref. 7 and the predic- 
tions of refs. 8 and 9 are also presented in the figure for comparison. 
The predictions of the model deveioped in this paper are represented by the 
solid line while the experimental results are shown as filled squares. The 
classical laminate theory and finite element critical strain predictions o f  
refs. 8 and 9 are represented by triangies with a connecting line and a 
dotted line respectively. 
'The critical energy release rate GTc was chosen as 415 J/m 
In the experiments, the 1 oca1 del ami nation phenomenon was observed as 
the predominant failure mode only for the n=4,6 and 8 sDecimens. The shear 
deformation model presented in this paper provides good agreement with the 
experimental data in this 
mid plane o r  in the 25/90 
predictions o f  the local 
range. For n<4, edge delamination either in the 
interface was observed in the tests. Hence, the 
delamination models in this region are n o t  of 
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consequence as long as they do n o t  p r e d i c t  c r i t i c a l  loads lower than those 
p r e d i c t e d  by edge delaminat ion models. Thus, i t  can be seen t h a t  the  shear 
deformat ion model p r e d i c t s  the  observed behavior w i t h  reasonable accuracy 
and can be used i n  con junc t ion  w i t h  an appropr ia te  edge delaminat ion model 
t o  p r e d i c t  c r i t i c a l  loads accura te ly  f o r  t he  complete range o f  n va lues.  
The edge delaminat ion model presented i n  References 6 and 12 can be used 
f o r  t h i s  purpose. However, a separate model i s  requ i red  t o  account f o r  t h e  
mid-plane (Mode I )  edge delaminat ion behavior.  
Concl u s i  ons 
A shear deformat ion model has been developed t o  analyze l o c a l  delami-  
n a t i o n s  growing from t ransverse cracks i n  90" p l i e s  l oca ted  around t h e  mid 
p lane  o f  symmetric laminates.  The p r e d i c t i o n s  o f  t h e  model agree reason- 
a b l y  w i t h  exper imental  data from [ m / 9 0 n  Js T300/934 Graphi te  Epoxy 1 ami - 
nates.  The p red ic ted  behavior i s  such t h a t ,  i n  combinat ion w i t h  an edge 
de laminat ion  model, t he  c r i t i c a l  loads can be p r e d i c t e d  accu ra te l y  i n  the  
range o f  n from . 5  t o  8. 
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Appendix A 
Sublaminate Analysis for Local Delaminations 
Interlaminar Stresses and Eiiererv Release Rates  
A generic sublaminate is shown in figure 3 along with the notations and sign 
conventions. The interlaminar normal (peel) and shear stresses are denoted by P 
and T respectively with the t and b subscripts for the top and bottom surfaces 
respectively. The axial force resultant, shear force resultant and bending moment 
resultant are denoted by N ,  Q and hl  respectively. Plane strain conditions are 
assumed to prevail in the z - z plane and the thickness strain ezr  is neglected. These 
assumptions lead to considerable simplification in the analysis. The displacements 
in the z and z directions are assumed to be of the form 
(-4.1) 
(-4.2) 
Here U represents the axial stretching and T/V is the transverse (thickness direction) 
displacement. This formulation recognizes s1iea.r deforma.tioii through the rotat ior? 
/3. The equililxium equations take the form 
( -4.3 
(-1.4) 
whei-e IL is the tliickness of the sublaminate. The constitutive equations in terms of 
the force aid moment resultants are 
(-4.G) 
(-4.7) 
(-4.S) 
where A , B  and D are tlie classical laminate theory asid, coupling and bending 
stiffnesses defined in the customary xnaiiner a s  
Here, tlic C s  are the material moduli. For the case of plane strain in the r - z 
plane, the Cs are defined a s  follows. 
The 1)oundary quantities to 1x prcscribcd at the sublaminate edges are 
(-4.9) 
AT or U 
I -  3 
Further, a t  the interfaces between sublaminates, appropriate reciprocal traction and 
displacement matching boundary conditions have to be used. 
The four sublaminates along with the loads acting on each are shown in figure 4. 
Setting PI and Tl as shown automatically satisfies the traction matching boundary 
condition a t  the 1-2 interface. From symmetry, we get w = 0 and zero shear stress 
along the bottom faces of sublaminates 2 and 3. This leads to  w = 0 in sublaminates 
1,2 and 3. Thus, W has been prescribed in these sublaminates and the vertical shear 
force resultant Q cannot be prescribed at both ends of the sublaminates. Conse- 
quently, the calculated peel stress distribution will not be correct. In addition, at 
the 2-3 interface, the p s  cannot be matched, since in these sublaminates, specifying 
p is equivalent to specifying Q (through eq. A.7). Inspite of these simplifications. 
reliable energy release rate components can be estimated based on the interlaminar 
shear stress distributions. The mode I contribution can then be evaluated using the 
total energy release rate, which is not affected significantly by these simplifications. 
For the (f25/90,), laminates under consideration, Bll is zero in all the fotir 
sublaminates. For sublaininates 1 and 2, the equilibriuiii equations and constitutive 
relationships can be written as 
(-1.10) 
(A.11) 
(-4.12) 
(-4.13) 
(-4.11) 
(-4.1.3) 
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(A.17) 
(A.1S) 
(A.19) 
(-4.20) 
(A.21) 
The subscripts in brackets refer to the sublaminates to which the stiffness coefficients 
correspond. Equations A.14, A.15 and A.12 can be rewritten in a modified form as 
Matching the u displacement along the 1-2 interface implies 
(-4.22) 
(A.23) 
(-4.24) 
(-4.25) 
Combining the equations to eliminate the displacement and interlaminar stress 
terms leads to the following homogeneous coupled system of ordinary different,ial 
equations. 
A55 1  MI,^^ + ~ N I , ~ ~  - D11(1) = 0 (-4.21) 
5 
The solution is assumed of the form 
N1 
N2 
Ml I M2 A1 A2 A3 = I  A4 esz (A.30) 
Substitution of this solution into the governing equations results in the following 
sys tern 
- 
of algebraic equations. 
S S 0 
0 -29 0 esz= [ i 1 (A.31) 
The corresponding eigenvalue problem has to be solved in order to obtain non trivial 
solutions. The eigenvalues turn out to be the roots of the following characteristic 
equation. 
s [Bls4 + B2s2 + B3] = 0 (A.32) 
where 
A55 2 -455  1 A55 1 
B2 = &zT2+&lz$+&kW2 
A55 1 -455 2 A55 2 1 ( s ) 2  +&++&in$+&- 
A55 1 A55 2 A55 1 A55 2 
B3 = -&&G-&~* 
For the material system and ply stacking sequence considered, B,2 > 4B1B3. Hence, 
the roots can be written as 
(-4.33) 
G 
Only the zero and positive roots of eq. A.33 are considered as they give exponentially 
decaying solutions, leading to finite values for the resultants a t  the sublaminate ends. 
Hence, the solution for N1 can be written as 
N~ = aleslZ + a2eSaZ + a1 (A.34) 
Using this in eq. A.26 yields 
N2 = -ales1" - a2eSZZ + a 2  (-4.35) 
Substituting N1 and N2 in eqs. A.27 and A.2S provides the solutions for the bending 
moments as 
Ml = alkleslx + a2k2eSZX (-4.36) 
M2 = alk3'eS1" + a2k4esZx (-4.X) 
The E parameters in the above solutions are defined as follows. 
If P is the applied force and w represents the specimen width, 
N, + AT, = & 
(A.39) 
(-4.40) 
(-1 . A  1 ) 
(-4.42) 
i '  
7 
Using this in conjunction with eq. A.29 allows determination of the constants a1 
and cr2. The following solutions for the stresses and the resultants can then be 
obtained. 
N2 = -aleS1z - a2esZx + 2%- All 2 
ll(1) + l l ( 2 )  
Tl = N1.Z 
= als1es1" + a2s2eSZX 
(A.43) 
(A.44) 
(A.45) 
The constitutive equations are used to write down the displacement solutions. The 
rigid body displacements of sublaminates 1 and 2 are matched (in order to sat.isfy 
the displacement continuity condition) to obtain 
The constants al, u2 and u3 occurring in the solutions are determined using the 
boundary condtions. For sublaminate 3 the governing equations are 
Matching U at the 2-3 interface and applying N4a) = 0 gives 
S 
(A.54) 
(-4.55) 
(A.56) 
(A.57) 
(A.58) 
(A.59) 
In order to solve for the bending moment, eqs. A.53, A.55 and A.56 are combined 
to obtain 
The solution of eq. A.60 can be written as 
M3 = q51 s i n h q z  + 42 coshw3z 
where the quantity w3 is defined by 
- .  
(-4.60) 
(-4.61) 
(A.62) 
Since the /3 matching conditon cannot be used at the 2-3 interface, the (remaining) 
boundary conditions are 
M3(a) = 0 
M3(0) = A42(0) 
The 4 s  can be solved using the boundary conditions A.63 as 
(A.63) 
(A.G-2) 
(-4.65) 
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The solution for sublanlinate 3 can be completed by writing the following expres- 
sions. 
Q3 = 41w3 cosh W ~ X  + &w3 sinh w3x (A.66) 
~3 = l [ ( b l W g  cos11 w3z + 42w3 sin11 w3z] (A.67) 
P3 = .+[dl A55 2 sinh w3z + 42 cosh w32] (A.68) 
A55(2) 
11(2) 
The equilibrium equations for sublaminate 4 are 
The constitutive relations take the form 
Using eq. A.69 with the boundary condition N4(u) = P yields 
P 
N4 = E 
(A.69) 
(A.iO) 
(-431) 
( A . 2 )  
( -4.73 ) 
(-4.a) 
(A .75)  
Similarly, using eq. A.70 with Q4(a) = 0 results in 
Matching M1 and M4 at the 1-4 interface and using eq. A.71 gives 
10 
The U4 displacement is obtained by integrating eq. A.72 and using the displacement 
matching boundary condition U4(0) = Ul(0). 
Similarly, integrating eq. A.74 and setting P4(u) = 0 gives 
(A.7S) 
(A.79) 
Using the solutions for Q 4  and P4 and the boundary condition W4(0) = 0 in eq. 
A.73 yields the following solution for W4. 
(A.SO) 
In order to determine a l ,  a2 and u3, the following boundary conditions are used. 
It is convenient to  define the following parameters. 
The nominal (far field) strain is given by 
(A.Sl) 
( A S ? )  
(A.S3) 
( A S 4 )  
(ASS) 
P 1 
= ‘2wAll(1) + All(2) ( -4. SG ) 
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The a parameters are obtained as 
a2 = - A l l ( l ) E - y  8 + 8 a
(A.87) 
(A.8S) 
(-4.89) 
The specimen compliance C is defined as the ratio of specimen extension to applied 
load. This is obtained as 
(A.  
The total energy release rate associated with the crack (delamination) growth under 
a constant load P is given by 
P2 dC 
G T = 2 ; ; a z  (-4.91) 
Using the compliance expression from eq. A.90 in eq. A.91 yields the following 
expression for GT. 
where 
The individual fracture mode contributions to the energy release rate c a i  be cal- 
culated using the virtual crack closure method, based on the interlaniinar stresses 
and displaceinents in the vicinity of the crack tip. From the assumed plane strain 
12 
condition, the inode 111 contribution is zero (GI11 = 0). The mode 11 energy re- 
l c s e  rate, G I [ ,  is calculated using the virtual crack closure technique while GI is 
evaluated using 
GI = GT - GII  (-4.95) 
G I ~  is calculated from the interlaniinar shear stress and relative sliding displacement 
as 
6 
GZI = lim 6 4 0  $1 Tl(s - J)Au(z) dx (A.96) 
In the absence of a singularity in the stress field, the result of the limiting process 
lends to  the trivial rcsult Grr = 0. Hence, the limit is calculated as 6 tends to 
some finite value, say A. The value of A is chosen depending on the decay length 
associated with the problem i.e. the length within which the presence of the crack 
significantly alters the specimen response in comparison with the corresponding far 
field values. Evidently, the decay length in this problem is dependent on the eigen- 
values s1 and s2. The following value of A liw been chosen in order to reasonably 
fulfil the dccay length criterion. 
A = a(& + z) 1 
The relative sliding displacement AIL is based only 
(-4.91) 
on the difference U4 - U, so that 
the kinematic condition of zero relative displacement at the crack tip is fulfilled. 
This also simplifies tlie calculations. The mode I1 energy release rate coinpoimi: is 
obtained as 
wlierc I, and I ,  are defiiicd as 
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Traiisverse Crack Spacing 
Shear Deformation Model 
The model presented so far  has dealt with delaminations growing from a trans- 
verse crack. The same model can be modified to predict the spacing of these trans- 
verse cracks. In order to accomplish this, the delamination effect has to be isolated 
from the model. This can be achieved approximately by letting the crack. length 
a tend to zero. This yields an approximation since the boundary conditions are 
not accounted for properly by this limiting process. To get an accurate shear de- 
formation model, we consider only sublaminates l and 2 and apply the follon-ing 
boundary conditions for sublaminate 2. 
&(O)  = 0 
MZ(0) = 0 
(A.lO1) 
(A.102) 
Using these boundary conditions in eqs. A.37 and A.44 yields two equations in a1 
and a2 which can be solved to obtain 
(-4.103) 
(-4.104) 
The interlaminar shear stress can now be obtained using eq. A.45. The saturation 
crack spacing corresponds to the distance from the crack where the broken plies 
regain their uniform stress/strain state i.e. where the interlaminar shear stress has 
decayed down to its far field (uniform) value. Practically, this distance is calculared 
by looking for the z where the interlaniiiiar shear stress is smile snlall fraction (say 
14 
.OOl) of its maximum value. The maximum shear stress evidently occurs at  z = 0 
and is given by 
Tirna=) = U l S l +  u2s2 (A.105) 
The crack spacing X can then be determined by solving the following transcendental 
equation. 
(A.106) 
b b r a n e  Model 
A simpler model can be used to estimate the saturation spac,,ig of the transverse 
cracks. This model treats the sublaminates as membranes i.e. the bending effects 
are ignored. The equilibrium equations for a generic membrane sublaminate are 
N,= + Tt - Tb = 0 (A.10’7) 
z(Tt h - T b )  - Q = 0 (A.  10s) 
The constitutive equations take the form 
The displacements are assumed to be of the following form. 
The following governing equations can now be writ ten 
(A.  109) 
(A.  1 10) 
( A .  11 1) 
(-4.1 12) 
( A .  1 13 ) 
( A .  114; 
where the 7 s  are defined as 
Eqs. A.113 and A.115 can be combined as 
Q1 = $NI.. 
Using eqs. A.119 and A.117 in this leads to 
Dl = 3 h i  AYlul , zz  
5 5 G )  
Following a similar procedure for P 2  yields 
P2 = 9 &7JJl,zz 
Using these two relations in eq. A.121 leads to 
Combining eqs. A.113, A.114, A.117 and A.llS gives 
15 
. (A.115) 
(A. 1 16) 
(A.11'7) 
(A.11S) 
(A.119) 
(A.120) 
(A.121) 
(A.122) 
(A. 123) 
(A.121) 
(A. 125) 
(A.126) 
(A.127) 
( A .  1 2s) 
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Substituting this into eq. A.127 results in 
The characteristic roots of this differential equation are 
(A. 130) 
The solution for U1 can then be written as 
(A.131) vi = + A2x + & 
where the As are arbitrary constants to be determined from the boundary condi- 
tions. The root s1 is the positive root such that a decaying solution is obtained in 
the negative x region. For the special case of B1l(l) = B11(2) = 0, the nonzero roots 
can be written in a simpler form as 
The interlaminar shear stress can be obtained as follows. 
The maximum shear stress is 
Tp-) = ylAls: 
Then, the saturation crack spacing X corresponds to 
, S I X  - 0.001 
(A.132) 
(A.133) 
(A.131) 
( -4.1 3 5) 
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Shear Lag Model 
This model allows for a nonlinear displacement field through the thicl- \ness of the 
sublaminate. Its fundamental assumption is that the shear deformation neglected 
in the classical theory of bending can be estimated using the shear stress. The 
sublaminate axial force equilibrium condition can be written as 
N,, + (T, - Tb) = 0 
The axial stress is assumed to be uniform and is given by 
N 
Qxx = 
The shear stress is estimated as follows 
= --yi T T  
This can be integrated to obtain 
(A.  136) 
(A.  13 7 )  
(A.13S) 
(-4.139) 
Neglecting transverse displacement, the axial displacement can be obtained by in- 
tegrating the shear strain, which in turn is obtained from the shear stress. 
(A.141) 
where V (  x) is the mid-plane axial displaceiiient . This displacement expression can 
be used to obtain an improved axial stress estimate as follows. 
(A.142) 
The corresponding axial stress resultant can be written as 
The governing equations for the sublaminate are thus eqs. A.136 (equilibrium), 
A.141 (displacement field) and A.143 (constitutive relationship). Using these to 
model sublaminates 1 and 2 results in the following governing equations. 
N1,= - Ti = 0 (A. 144) 
N2,Z +T2 = 0 (A.145) 
(A.  146) 
(A. I d i )  
(A.14S) 
(A.  149) 1 u2 = U ~ + - . , [ T , ~ + T ~ Z  1 5 5 w  
Displacement continuity at the 1-2 interface implies 
or 
Equation A.146 can be rewritten as 
Combining eqs. A.147, A.151 and A.152 results in 
(-4.15 1) 
(A.152) 
( -4.1 53 ) 
But from eqs. A.144 and A.145, we have 
Using this in the differentiated form of eq. A.153 leads to 
The nonzero characteristic roots of this equation itre given by 
hlCll(1) + h2Cll(2l 
h2c55(l) + hlC55(2) 
19 
(-4.154) 
(A.155) 
(A. 156) 
This is the same as in the membrane model except for the factor 3 which is 4 in the 
membrane model. This difference is related to the fact that the axial displacement 
distribution through the thickness is parabolic in the shear lag model and linear in 
the membrane model. The crack spacing X for the shear lag model is determined 
as in the case of the membrane model but using the modified characteristic root. 
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